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A question posed by John Milnor in 1977 (see [4]), concerningthe existence of certain
a�nely 
at manifolds, is one of the main motivating problemsfor my PhD thesis. Although
this original question is quite geometrical, several results have been obtained by translating
Milnor's question into the language of speci�c (discrete and Lie) group and Lie algebra
representations. It turned out that not all polycyclic-by-�nite groups admit an a�ne
structure, giving a negative answer to Milnor's question. On the other hand, a famous
conjecture which is somehow the converse of Milnor's question, was posed in 1964 by Louis
Auslander ([1]). Until now, this conjecture is believed to be true and is known to hold up
to dimension 6.
Our own research deals with NIL-a�ne structures, which are very natural generalizations
of the a�ne structures. Such a NIL-a�ne structure does existon any polycyclic-by-�nite
group, giving already a positive answer to the generalized Milnor's problem. We make use
of analogous (discrete and Lie) group and Lie algebra representations.

Discrete case: crystallographic NIL-a�ne actions and the
generalized Auslander conjecture

Motivation: a�ne structures

Aim of this thesis: study of simply transitive and crystallographic NIL-
a�ne actions, as generalizations of certain a�ne actions:

An a�ne crystallographic action of a group � consists of a repre-
sentation� : � → A�( Rn), letting � act properly discontinuously
and cocompactly onRn. The image� (�) is then an a�ne crystal-
lographic subgroup of A�(Rn).

Two main questions about a�ne crystallographic groups dominated the
research in this area:

• J. Milnor's question ([4]): Is it true that any polycyclic-by-�nite
group admits an a�ne crystallographic action?

• L. Auslander's conjecture ([1]): Any group admitting an a�ne
crystallographic action is polycyclic-by-�nite.

A positive answer to both questions would imply that the setting of
a�ne crystallographic actions would be a setting which geometrically
determines the class of polycylic-by-�nite groups.

• Y. Benoist ([2]): negative answer to Milnor's question;

• Auslander's conjecture: still open, only known to hold up todimen-
sion 6 and in some special situations.

NIL-a�ne crystallographic actions

• Negative answer to Milnor's question =⇒ hope to discover a new
geometric setting to determine the polycyclic-by-�nite groups;

• Promising: the setting of NIL-a�ne groups and actions.

Let N be a connected and simply connected nilpotent Lie group.
The a�ne group ofN : de�ned as A�(N ) = N ⋊Aut(N ), acts onN via

∀m; n ∈ N; ∀� ∈ Aut(N ) : (m; � ) · n = m� (n):

As a generalization of the a�ne case (i.e.N = Rn), we get:

A NIL-a�ne crystallographic action of a group � consists
of a representation� : � → A�( N ), letting � act properly dis-
continuously and cocompactly onN . The image� (�) is then a
NIL-a�ne crystallographic subgroup of A�(N ).

Promising because of positive answer to the analogue of Milnor's ques-
tion, see ([3]):

Let � be a polycyclic-by-�nite group. Then there exists a connec-
ted and a simply connected nilpotent Lie groupN and a NIL-a�ne
crystallographic action� : � → A�( N ).

The generalized Auslander conjecture

Positive answer to the analogue of Milnor's question =⇒ extremely im-
portant to study the analogue of Auslander's conjecture:

The generalized Auslander conjecture
Let � : � → A�( N ) be a NIL-a�ne crystallographic action, then
� is polycyclic-by-�nite.

We proved the following:

• The generalized Auslander conjecture holds for allN with
dimN ≤ 5;

• The generalized Auslander conjecture reduces to the original
one ifN is two-step nilpotent;

• Moreover, we show how several concepts of classical a�ne geo-
metry onRn can be translated into the nilpotent case, giving
more indications of a close relation between the generalized
Auslander conjecture and the original one and thus providing
even more evidence for a positive answer.

Lie group case: simply transitive NIL-a�ne actions

Simply transitive NIL-a�ne actions

Simply transitive actions of Lie groups: closely related tocrystallograp-
hic actions:

• Simply transitive action� : G → A�( N ) exists⇐⇒ G solvable;

• Lattice � of G =⇒ � |� : � → A�( N ) crystallographic action;

• Crystallographic action� : � → A�( N ) (� �nitely generated torsion-
free nilpotent group) =⇒ unique extension to simply transitive action
of its Mal'cev completionG.

Better understanding of crystallographic actions: necessary to under-
stand simply transitive actions.

Translation into the Lie algebra level

Usual a�ne case: one-one correspondence between simply transitive
� : G → A�( Rn) (G nilpotent) and complete a�ne structures ong
(corresponding Lie algebra), i.e. Lie algebra homomorphisms

' : g → aff(Rn) ⊆ GLn+1(R) : X 7→
�

' l (X ) ' t(X )
0 0

�
;

where' t : g → Rn bijective, and all matrices' l (X ) nilpotent.

NIL-a�ne case: considerG and N , connected, simply connected, nil-
potent Lie groups, and the corresponding Lie algebrasg; n.
Lie algebra corresponding to A�(N ) = N ⋊Aut(N ): denoted byaff(n),
built up asn⋊Der(n), which is a Lie algebra via

�
(X; D ); (X ′; D ′)

�
=

�
[X; X ′] + DX ′ − D ′X; [D; D ′]

�
:

We proved the following:

� : G → A�( N ) induces a simply transitive NIL-a�ne action
m

the corresponding Lie algebra homomorphism
d� : g → n ⋊ Der(n) : X 7→ (tX ; DX ) is acomplete

NIL-a�ne structure on g, which means that
• t : g → n : X 7→ tX is a bijection;

• For anyX ∈ g, DX is nilpotent.

=⇒ translation into the Lie algebra level, so into linear algebra;
=⇒ computations become a lot easier.

The situation in low dimensions

Open problem: determine for a given Lie groupG all nilpotentN , on
whichG can act simply transitively via NIL-a�ne motions.
Using our translation into the Lie algebra level, we �nd the following,
via explicit construction at the Lie algebra level:

Let G and N be c., s.c. nilpotent Lie groups of the same di-
mensionn with 1 ≤ n ≤ 5. Then therealways exists a re-
presentation� : G → A�( N ) which induces a simply transitive
NIL-a�ne action of G on N .

We found a counterexample in dimension 6.

LR-algebras and LR-structures

Usual a�ne case: one-one correspondence between simply transitive
� : G → A�( Rn) and complete left symmetric structures on
g (corresponding Lie algebra), i.e. bilinear products ong satisfying:

[X; Y ] = X ·Y −Y ·X; X ·(Y ·Z)−(X ·Y)·Z = Y ·(X ·Z)−(Y ·X )·Z;

and all left multiplication maps nilpotent.

NIL-a�ne case: focus on abelian simply transitive NIL-a�neactions,
i.e. G = Rn (nice setting next to the a�ne case). IdentifyingRn and
n as vector spaces (viat), we can consider:

d� : Rn → n ⋊ Der(n) : X 7→ (X; D X ):

We discovered a special Lie-compatible algebra structure on n, which
we refer to as an LR-structure:

� : Rn → A�( N ) abelian simply transitive action onN
m

• : n × n → n : (X; Y ) 7→ X •Y = −DX (Y) de�nes a
complete LR-structure on the Lie algebran of N :

• ∀X; Y ∈ n: [X; Y ] = X •Y − Y •X ;
• ∀X; Y; Z ∈ n: X •(Y •Z) = Y •(X •Z);
• ∀X; Y; Z ∈ n: (X •Y)•Z = ( X •Z)•Y;
• all left multiplications� X : n → n : Y 7→ X •Y nilpotent.

Leading us to:

• Study of the existence question for LR-structures;

• Start of a structure theory of LR-algebras;

• Any Lie algebra admitting an LR-structure is 2-step solvable;

• Examples of classes of 2-step solvable Lie algebras (not) admitting
such a structure;

• Study of ideals in LR-algebras;

• Classi�cation of low-dimensional LR-algebras overR.
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